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Fig. 4 Normalized longitudinal cross-spectral density A (o>£
t/oo = 20 (ft/s), — = baseline, — = riblets, o = results of Willmarth.6
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Fig. 5 Autospectral density *(/), t/oo = 10 (ft/s), — = baseline,
•• = riblets, — = background noise.

spectra in Figs. 5 and 6 have not been corrected for spatial
averaging. For the case of ^=1.0xl04, the attenuation
(based on Corcos' correction) was 4.1 dB at 350 Hz and 10.7
dB at 700 Hz. For Re = 1.8 x 104, the attenuation was 4.1 dB at
800 Hz and 11.0 dB at 1600 Hz. The measured convection
velocities were identical to within ±0.5% with those of the
baseline measurements, shown in Fig. 2. A small but measure-
able increase in the magnitude of A(w£/Uc) occurred at low
values of o>£/(7c, as shown in Figs. 3 and 4, with the effect
being greater at the higher Reynolds number. Blake7 measured
a broadband decrease in the magnitude of A(uZ/Uc), a de-
crease in the convection velocities, and an increase in $>(o>) due
to roughness elements, with heights on the order of 150 to 300
viscous lengths. He concluded that correlation distances were
significantly reduced, due to the roughness elements. Blake's
measurements qualitatively suggest that a reduction in drag
due to skin friction would accompany an increase in the mag-
nitude of A(w£/Uc), as measured here. A limitation of this
investigation is the lack of resolution of convected wave num-
bers with scales associated with the wall region of the turbulent
boundary layer. Riblets may induce changes in these wave
numbers that lead to changes in the levels of the autospectra at
the associated frequencies. The results presented here show
that the net contribution to the autospectra as well as the
convection velocities from wave numbers associated with the
outer region of the turbulent boundary layer is not signifi-
cantly changed by the presence of riblets.
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Fig. 6 Autospectral density *(/"), £/<» = 20 (ft/s), — = baseline,
— = riblets, — = background noise.
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Introduction

D ISCRETE line vortices have been used in the past to
model symmetric1'2 and asymmetric3 vortx separations at

zero sideslip in the leeward side of a body. In these
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investigations, a stagnation condition was imposed at the
separation line. Other methods for predicting the asymmetric
vortex shedding include the vortex cloud method4 and solving
the complete Navier-Stokes equations.5 To obtain an
asymmetric solution, Mendenhall et al.4 introduced a
perturbation to modify the predicted symmetric separation
points to become asymmetric. In solving the complete
Navier-Stokes equations for a cone-cylinder body,5 asymmetry
in the flowfield was introduced through asymmetric numerical
truncation errors. But the computed side force was found too
small.

In the present study, the boundary value problem for vortex
separation at zero sideslip on cones and tangent ogives is set up
by using a discrete vortex model. It is shown that the nonlinear
algebraic equations for the boundary value problem admit
multiple solutions which are physically feasible, including
symmetric and asymmetric vortex solutions. One purpose of
the present study is to offer the idea of multiple solutions as an
alternative explanation of the existence of asymmetric vortex
separation at zero slideslip. Note that vortex separation on a
cylindrical afterbody is not treated.

Mathematical Model
Slender body theory is assumed applicable. For cones, the

flow is assumed to be conical, so that the separation lines are
straight lines, OSi and OS2 (see Fig. 1). To treat a nonconical
flow, a body is divided into many axial stations. Between two
stations, flow properties are assumed to vary linearly (i.e.,
dT/dx = AT/Ax, etc.). The separation lines are specified by
their angular coordinates Q\ and 62- Assuming that the
locations of separation lines are known from experiment or
boundary-layer calculations, the flow problem is then defined
by the following conditions.

1) Separation-point condition: the total velocity at a
separation point is equal to a mean tangential velocity (Vtm)\

(la)Vtm=lm}-e^

hdW_
~dZVtm=lm e at Z = aei( (Ib)

2) Vortex force- free condition: the Kutta-Joukowski force
acting on the vortex is zero,

lim dW Tk

k = 1,2 (2)

where Z =y + iz, T is the vortex strength, and the overbar

denotes complex conjugate. In Eqs. (1) and (2), the complex
potential in the crossflow plane can be written as

W^ = /K0 0sina(z-«- , COSQJ i
da

, Z-Zl

Z-(a2/Zl)
2 - 2

2*1 Z-(a2/Z2) (3)

where Z is the complex conjugate of Z. The second term in Eq.
(3) is a source term representing the effect of body geometric
expansion.

It was shown in Ref. 6 that if Vtm in Eqs. (1) was set to 0 as
it was done in Ref. 3, or to the expression derived by Smith,7
the calculated vortex core positions were not accurate. A new
expression for Vtm can be derived by considering the relation-
ship between the rate of vortex shedding and the velocity (Ue)
at the boundary layer edge4:

dT/dt = (4)

where AT is an empirical factor used to reduce the strength of
the primary shed vorticity due to counter-rotating secondary
vortices.8 If the average tangential velocity at the separation
point (Vtm) is taken to be

Vtm = JVe (5)

and d/dt is replaced by (V^ cosa)d/dx9 Eq. (4) can be solved
for Vtm to result in

cosa/K)(AT/Ax]y>

= /(2 Foo sina/Kl/2)[7rA(ay)/Ax tana]1/2 (6)

where 7 is a dimensionless vortex strength defined by

7 = IY(27rtf Foo sinoj) (7)

Note that for a cone,

A(ay)/Ax = ya/x = y tan6 (8)

Fig. 1 Coordinate system.

In the present applications, K = 0.6 as used in Ref. 4 and
/ = 0.61 as indicated in experimental data9 for the vortex con-
vection speed in a shear layer. In Smith's model, K = 1.0 and
f = O.5.7 The present model produced more accurate vortex
characteristics than Smith's as shown in Ref. 6.

By separating Eq. (2) into real and imaginary parts, and
together with Eqs. (1), there are six nonlinear algebraic equa-
tions for six unknowns: 71, 72, y\, z\, y-i, and z2. These results
are then used in a contour integration for the local sectional
coefficients of normal and side forces. The total force coeffi-
cients can be obtained by integrating the sectional coefficients
over intervals of axial stations. Details can be found in Ref. 6.

Results and Discussion
A numerical scheme based on Broyden's modified Newton's

method10 is used to solve the system of nonlinear algebraic
equations. Typically, the first-branch solution (symmetric if
separation lines are symmetrical) can be easily obtained. In
search of additional solutions, a function deflation technique11

is needed to avoid convergence to the first branch again. For
the present purposes, the separation lines will be assumed sym-
metrical unless otherwise noted. Their locations are calculated
from empirical equations given in Ref. 12 for cones and those
in Ref. 13 for tangent ogives in a laminar flow. Typically, the
asymmetric solution starts at an axial location aft of where the
symmetric one begins.6

The calculated side force coefficients (Cy, based on the base
area) for a cone and a tangent ogive are compared with data in
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Fig. 2 Side-force coefficients for an 8 deg cone and a tangent ogive
with a fineness ratio of 5.
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Fig. 3 Effect of asymmetric separation points on side-force coeffi-
cients for an 8 deg cone at a = 30 deg and for a tangent ogive with a
fineness ratio of 5 at a = 36 deg.

Fig. 2. It is seen that the predicted Cy is reasonably accurate.
More calculated results showing the same trend can be found
in Ref. 6.

The main interest here is to see how the calculated Cy is are
affected if separation locations are not symmetrical. To illus-
trate, the left separation location is kept fixed at the value used
in the symmetric case (0= 141.96 deg for the cone and an
average of 154 deg for the tangent ogive), and the right separa-
tion point is shifted up ( + A0) and down (-A0) to obtain
asymmetry of separation points. Again, two branches of solu-
tion can be calculated. The second-branch solution for the
cone produces correct Cy values (Fig. 3), but not the first-
branch solution. On the other hand, to produce an experimen-
tal Cy of 2.25 at a = 36 deg based on the first-branch solution

for the tangent ogive, the right separation point must be
shifted up by about 12 deg» which may not be realistic on an
ogive section. Based on the second-branch solution, Cy is over-
predicted as it is also indicated in Fig. 2 at high a, probably
because the fineness ratio is not large enough for the slender-
body theory to be accurate. Based on these results, it is possi-
ble that measured side-force coefficients can only be predicted
by second-branch solutions. It should be noted that although
the present method does not predict the triggering mechanisms
of flow asymmetry, it provides a way to calculate the maxi-
mum possible side force at zero sideslip.

Conclusions
Based on a discrete vortex model, two branches of solution

to the boundary-value problem of vortex separation on a cone
and a tangent ogive were shown to exist. The asymmetric
solutions for the cone and the tangent ogive were shown to
produce side-force coefficients at zero sideslip consistent with
available data. It was also shown that the first-branch solution
could not produce large enough side-force coefficients as mea-
sured in experiment for a cone.
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